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COMMUTATIVITY AND IDEALS IN CATEGORY
CROSSED PRODUCTS
JOHAN ÖINERT AND PATRIK LUNDSTRÖM
Abstrat. In order to simultaneously generalize matrix rings and group
graded rossed produts, we introdue ategory rossed produts. For
suh algebras we desribe the enter and the ommutant of the oef-
ient ring. We also investigate the onnetion between on the one
hand maximal ommutativity of the oeient ring and on the other
hand nonemptyness of intersetions of the oeient ring by nonzero
twosided ideals.
1. Introdution
Let R be a ring. By this we always mean that R is an additive group
equipped with a multipliation whih is assoiative and unital. The iden-
tity element of R is denoted 1R and the set of ring endomorphisms of R
is denoted End(R). We always assume that ring homomorphisms respet
the multipliative identities. The enter of R is denoted Z(R) and by the
ommutant of a subset of R we mean the olletion of elements in R that
ommute with all the elements in the subset.
Suppose that R1 is a subring of R i.e. that there is an injetive ring ho-
momorphism R1 → R. Reall that if R1 is ommutative, then it is alled
a maximal ommutative subring of R if it oinides with its ommutant in
R. A lot of work has been devoted to investigating the onnetion between
on the one hand maximal ommutativity of R1 in R and on the other hand
nonemptyness of intersetions of R1 with nonzero twosided ideals of R (see
[2℄, [3℄, [6℄, [7℄, [9℄, [11℄, [12℄ and [20℄). Reently (see [21℄, [22℄, [23℄, [24℄ and
[25℄) suh a onnetion was established for the ommutant R1 of the oe-
ient ring of rossed produts R (see Theorem 1 below). Reall that rossed
produts are dened by rst speifying a rossed system i.e. a quadruple
{A,G, σ, α} where A is a ring, G is a group (written multipliatively and
with identity element e) and σ : G→ End(A) and α : G×G→ A are maps
satisfying the following four onditions:
(1) σe = idA
(2) α(s, e) = α(e, s) = 1A
(3) α(s, t)α(st, r) = σs(α(t, r))α(s, tr)
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(4) σs(σt(a))α(s, t) = α(s, t)σst(a)
for all s, t, r ∈ G and all a ∈ A. The rossed produt, denoted A ⋊σα G,
assoiated to this quadruple, is the olletion of formal sums
∑
s∈G asus,
where as ∈ A, s ∈ G, are hosen so that all but nitely many of them are
nonzero. By abuse of notation we write us instead of 1us for all s ∈ G. The
addition on A⋊σα G is dened pointwise
(5)
∑
s∈G
asus +
∑
s∈G
bsus =
∑
s∈G
(as + bs)us
and the multipliation on A⋊σα G is dened by the bilinear extension of the
relation
(6) (asus)(btut) = asσs(bt)α(s, t)ust
for all s, t ∈ G and all as, bt ∈ A. By (1) and (2) ue is a multipliative identity
of A⋊σα G and by (3) the multipliation on A ⋊
σ
α G is assoiative. There is
also an A-bimodule struture on A ⋊σα G dened by the linear extension of
the relations a(bus) = (ab)us and (aus)b = (aσs(b))us for all a, b ∈ A and
all s, t ∈ G, whih, by (4), makes A ⋊σα G an A-algebra. In the artile [21℄,
Öinert and Silvestrov show the following result.
Theorem 1. If A ⋊σα G is a rossed produt with A ommutative, all σs,
s ∈ G, are ring automorphisms and all α(s, s−1), s ∈ G, are units in A, then
every intersetion of a nonzero twosided ideal of A⋊σαG with the ommutant
of A in A⋊σα G is nonzero.
In lo. it. Öinert and Silvestrov determine the enter of rossed produts
and in partiular when rossed produts are ommutative; they also give a
desription of the ommutant ofA in A⋊σαG. Theorem 1 has been generalized
somewhat by relaxing the onditions on σ and α (see [23℄ and [24℄) and by
onsidering general strongly group graded rings (see [25℄). For more details
onerning group graded rings in general and rossed produt algebras in
partiular, see e.g. [1℄, [8℄ and [17℄.
Many natural examples of rings, suh as rings of matries, rossed produt
algebras dened by separable extensions and ategory rings, are not in any
natural way graded by groups, but instead by ategories (see [13℄, [14℄, [15℄
and Remark 1). The purpose of this artile is to dene a ategory graded
generalization of rossed produts and to analyze ommutativity questions
similar to the ones disussed above for suh algebras. In partiular, we
wish to generalize Theorem 1 from groups to groupoids (see Theorem 2 in
Setion 4). To be more preise, suppose that G is a ategory. The family of
objets of G is denoted ob(G); we will often identify an objet in G with its
assoiated identity morphism. The family of morphisms in G is denoted
ob(G); by abuse of notation, we will often write s ∈ G when we mean
s ∈ mor(G). The domain and odomain of a morphism s in G is denoted d(s)
and c(s) respetively. We let G(2) denote the olletion of omposable pairs
of morphisms in G i.e. all (s, t) in mor(G)×mor(G) satisfying d(s) = c(t).
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Analogously, we let G(3) denote the olletion of all omposable triples of
morphisms in G i.e. all (s, t, r) in mor(G) × mor(G) × mor(G) satisfying
(s, t) ∈ G(2) and (t, r) ∈ G(2). Throughout the artile G is assumed to be
small i.e. with the property that mor(G) is a set. By a rossed system
we mean a quadruple {A,G, σ, α} where A is the diret sum of rings Ae,
e ∈ ob(G), σs : Ad(s) → Ac(s), s ∈ G, are ring homomorphisms and α
is a map from G(2) to the disjoint union of the sets Ae, e ∈ ob(G), with
α(s, t) ∈ Ac(s), (s, t) ∈ G
(2)
, satisfying the following ve onditions:
(7) σe = idAe
(8) α(s, d(s)) = 1Ac(s)
(9) α(c(t), t) = 1Ac(t)
(10) α(s, t)α(st, r) = σs(α(t, r))α(s, tr)
(11) σs(σt(a))α(s, t) = α(s, t)σst(a)
for all e ∈ ob(G), all (s, t, r) ∈ G(3) and all a ∈ Ad(t). Let A ⋊
σ
α G denote
the olletion of formal sums
∑
s∈G asus, where as ∈ Ac(s), s ∈ G, are
hosen so that all but nitely many of them are nonzero. Dene addition on
A⋊σαG by (5) and dene multipliation on A⋊
σ
αG by (6) if (s, t) ∈ G
(2)
and
(asus)(btut) = 0 otherwise where as ∈ Ac(s) and bt ∈ Ac(t). By (7), (8) and
(9) it follows that A ⋊σα G has a multipliative identity if and only if ob(G)
is nite; in that ase the multipliative identity is
∑
e∈ob(G) ue. By (10) the
multipliation on A⋊σαG is assoiative. Dene a left A-module struture on
A⋊σα G by the bilinear extension of the rule ae(bsus) = (asbs)us if e = c(s)
and ae(bsus) = 0 otherwise for all ae ∈ Ae, bs ∈ Ac(s), e ∈ ob(G), s ∈ G.
Analogously, dene a right A-module struture on A ⋊σα G by the bilinear
extension of the rule (bsus)cf = (bsσs(cf ))us if f = d(s) and (bsus)cf = 0
otherwise for all bs ∈ Ac(s), cf ∈ Af , f ∈ ob(G), s ∈ G. By (11) this
A-bimodule struture makes A ⋊σα G an A-algebra. We will often identify
A with ⊕e∈ob(G)Aeue; this ring will be referred to as the oeient ring of
A⋊σαG. It is lear that A⋊
σ
αG is a ategory graded ring in the sense dened
in [14℄ and it is strongly graded if and only if eah α(s, t), (s, t) ∈ G(2), has a
left inverse in Ac(s). We all A⋊
σ
αG the ategory rossed algebra assoiated
to the rossed system {A,G, σ, α}.
In Setion 2, we determine the enter of ategory rossed produts. In
partiular, we determine when ategory rossed produts are ommutative.
In Setion 3, we desribe the ommutant of the oeient ring in ate-
gory rossed produts. In Setion 4, we investigate the onnetion between
on the one hand maximal ommutativity of the oeient ring and on the
other hand nonemptyness of intersetions of the oeient ring by nonzero
twosided ideals. In the end of eah setion, we indiate how our results
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generalize earlier results for other algebrai strutures suh as group rossed
produts and matrix rings (see Remarks 1-6 and Remark 8).
2. The Center
For the rest of the artile, unless otherwise stated, we suppose that A⋊σαG
is a ategory rossed produt. We say that α is symmetri if α(s, t) = α(t, s)
for all s, t ∈ G with d(s) = c(s) = d(t) = c(t). We say that A ⋊σα G is
a monoid (groupoid, group) rossed produt if G is a monoid (groupoid,
group). We say that A⋊σαG is a twisted ategory (monoid, groupoid, group)
algebra if eah σs, s ∈ G, with d(s) = c(s) equals the identity map on
Ad(s) = Ac(s); in that ase the ategory (monoid, groupoid, group) rossed
produt is denoted A⋊αG. We say that A⋊
σ
αG is a skew ategory (monoid,
groupoid, group) algebra if α(s, t) = 1Ac(s) , (s, t) ∈ G
(2)
; in that ase the
ategory (monoid, groupoid, group) rossed produt is denoted A⋊σG. If G
is a monoid, then we let AG denote the set of elements in A xed by all σs,
s ∈ G. We say that G is anellable if any equality of the form s1t1 = s2t2,
(si, ti) ∈ G
(2)
, i = 1, 2, implies that s1 = s2 (or t1 = t2) whenever t1 = t2
(or s1 = s2). For e, f ∈ ob(G) we let Gf,e denote the olletion of s ∈ G
with c(s) = f and d(s) = e; we let Ge denote the monoid Ge,e. We let the
restrition of α (or σ) to G2e (or Ge) be denoted by αe (or σe). With this
notation all Ae ⋊
σe
αe Ge, e ∈ ob(G), are monoid rossed produts.
Proposition 1. The enter of a monoid rossed produt A ⋊σα G is the
olletion of
∑
s∈G asus in A ⋊
σ
α G satisfying the following two onditions:
(i) asσs(a) = aas, s ∈ G, a ∈ A; (ii) for all t, r ∈ G the following equality
holds
∑
s∈G
st=r
asα(s, t) =
∑
s∈G
ts=r
σt(as)α(t, s).
Proof. Let e denote the identity element of G. Take x :=
∑
s∈G asus in the
enter of A ⋊σα G. Condition (i) follows from the fat that xaue = auex for
all a ∈ A. Condition (ii) follows from the fat that xut = utx for all t ∈ G.
Conversely, it is lear that onditions (i) and (ii) are suient for x to be in
the enter of A⋊σα G. 
Corollary 1. The enter of a twisted monoid ring A⋊αG is the olletion of∑
s∈G asus in A⋊αG satisfying the following two onditions: (i) as ∈ Z(A),
s ∈ G; (ii) for all t, r ∈ G, the following equality holds
∑
s∈G
st=r
asα(s, t) =∑
s∈G
ts=r
asα(t, s).
Proof. This follows immediately from Proposition 1. 
Corollary 2. If G is an abelian anellable monoid, α is symmetri and has
the property that none of the α(s, t), (s, t) ∈ G(2), is a zerodivisor, then the
enter of A ⋊σα G is the olletion of
∑
s∈G asus in A ⋊
σ
α G satisfying the
following two onditions: (i) asσs(a) = aas, s ∈ G, a ∈ A; (ii) as ∈ A
G
,
s ∈ G. In partiular, if A ⋊σ G is a skew monoid ring where G is abelian
and anellable, then the same desription of the enter is valid.
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Proof. Take x :=
∑
s∈G asus in A ⋊
σ
α G. Suppose that x belongs to the
enter of A ⋊σα G. Condition (i) follows from the rst part of Proposition
1. Now we show ondition (ii). Take s, t ∈ G and let r := st. Sine G
is ommutative and anellable, we get, by the seond part of Proposition
1, that asα(s, t) = σt(as)α(t, s). Sine α is symmetri and α(s, t) is not a
zerodivisor, this implies that as = σt(as). Sine s and t were arbitrarily
hosen from G, this implies that as ∈ A
G
, s ∈ G. On the other hand, by
Proposition 1, it is lear that (i) and (ii) are suient onditions for x to be
in the enter of A⋊σα G. The seond part of the laim is obvious. 
Now we show that the enter of a ategory rossed produt is a partiular
subring of the diret sum of the enters of the orresponding monoid rossed
produts.
Proposition 2. The enter of a ategory rossed produt A ⋊σα G equals
the olletion of
∑
e∈ob(G)
∑
s∈Ge
asus in
∑
e∈ob(G) Z(Ae ⋊
σe
αe Ge) satisfying∑
s∈Ge
rs=g
σr(as)α(r, s) =
∑
t∈Gf
tr=g
atα(t, r) for all e, f ∈ ob(G), e 6= f , and all
r, g ∈ Gf,e.
Proof. Take x :=
∑
s∈G asus in the enter of A ⋊
σ
α G. By the equalities
uex = xue, e ∈ ob(G), it follows that as = 0 for all s ∈ G with d(s) 6=
c(s). Therefore we an write x =
∑
e∈ob(G)
∑
s∈Ge
asus where
∑
s∈Ge
asus ∈
Z(Ae⋊
σe
αe
Ge), e ∈ ob(G). The last part of the laim follows from the fat that
the equality ur
(∑
s∈Ge
asus
)
=
(∑
s∈Ge
asus
)
ur holds for all e, f ∈ ob(G),
e 6= f , and all r ∈ Gf,e. 
Proposition 3. Suppose that A⋊σαG is a ategory rossed produt and on-
sider the following ve onditions: (0) all α(s, t), (s, t) ∈ G(2), are nonzero;
(i) A ⋊σα G is ommutative; (ii) G is the disjoint union of the monoids Ge,
e ∈ ob(G), and they are all abelian; (iii) eah Ae ⋊
σe
αe
Ge, e ∈ ob(G), is a
twisted monoid algebra; (iv) A is ommutative; (v) α is symmetri. Then
(a) Conditions (0) and (i) imply onditions (ii)-(v); (b) Conditions (ii)-(v)
imply ondition (i).
Proof. (a) Suppose that onditions (0) and (i) hold. By Proposition 2, we
get that G is the diret sum of Ge, e ∈ ob(G), and that eah Ae ⋊
σe
αe
Ge,
e ∈ ob(G), is ommutative. The latter and Proposition 1(i) imply that (iii)
holds. Corollary 1 now implies that (iv) holds. For the rest of the proof we
an suppose that G is a monoid. Take s, t ∈ G. By the ommutativity of
A ⋊σα G we get that α(s, t)ust = usut = utus = α(t, s)uts for all s, t ∈ G.
Sine α is nonzero this implies that st = ts and that α(s, t) = α(t, s) for all
s, t ∈ G. Therefore, G is abelian and (v) holds.
Conversely, by Corollary 1 and Corollary 2 we get that onditions (ii)-(iv)
are suient for ommutativity of A⋊σα G. 
Remark 1. Proposition 2, Corollary 1, Corollary 2 and Proposition 3 gen-
eralize Proposition 3 and Corollaries 1-4 in [21℄ from groups to ategories.
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Remark 2. Let A ⋊ G be a ategory algebra where all the rings Ae, e ∈
ob(G), oinide with a xed ring D. Then A ⋊ G is the usual ategory
algebra DG of G over D. Let H denote the disjoint union of the monoids
Ge, e ∈ ob(G). By Proposition 1 and Proposition 2 the enter of DG is the
olletion of
∑
s∈H asus, as ∈ Z(D), s ∈ H, in the indued ategory algebra
Z(D)H satisfying
∑
s∈H
st=r
as =
∑
s∈H
ts=r
as for all r, t ∈ G. Note that if G is a
groupoid, then the last ondition simplies to art−1 = at−1r for all r, t ∈ G
with c(r) = c(t) and d(r) = d(t). This result speializes to two well known
ases. First of all, if G is a group, then we retrieve the usual desription
of the enter of a group ring (see e.g. [26℄). Seondly, if G is the groupoid
with the n rst positive integers as objets and as arrows all pairs (i, j),
1 ≤ i, j ≤ n, equipped with the partial binary operation dened by letting
(i, j)(k, l) be dened and equal to (i, l) preisely when j = k, then DG is
the ring of square matries over D of size n and we retrieve the result that
Z(Mn(D)) equals the Z(D)1n where 1n is the unit n× n matrix.
Remark 3. Let L/K be a nite separable (not neessarily normal) eld
extension. Let N denote a normal losure of L/K and let Gal denote the
Galois group of N/K. Furthermore, let F denote the diret sum of the
onjugate elds Li, i = 1, . . . , n; put L1 = L. If 1 ≤ i, j ≤ n, then let Gij
denote the set of eld isomorphisms from Lj to Li. If s ∈ Gij , then we
indiate this by writing d(s) = j and c(s) = i. If we let G be the union of
the Gij , 1 ≤ i, j ≤ n, then G is a groupoid. For eah s ∈ G, let σs = s.
Suppose that α is a map G(2) →
⊔n
i=1 Li with α(s, t) ∈ Lc(s), (s, t) ∈ G
(2)
satisfying (2), (3) and (4) for all (s, t, r) ∈ G(3) and all a ∈ Ld(t). The
ategory rossed produt F ⋊σα G extends the onstrution usually dened
by Galois eld extensions L/K. By Proposition 2, the enter of F ⋊σα G is
the olletion of
∑
e∈ob(G) aeue with ae = s(af ) for all e, f ∈ ob(G) and all
s ∈ G with c(s) = e and d(s) = f . Therefore the enter is a eld isomorphi
to LG1,1 and we retrieve the rst part of Theorem 4 in [13℄.
3. The ommutant of the oeffiient ring
Proposition 4. The ommutant of A in A⋊σαG is the olletion of
∑
s∈G asus
in A⋊σα G satisfying as = 0, s ∈ G, d(s) 6= c(s), and asσs(a) = aas, s ∈ G,
d(s) = c(s), a ∈ Ad(s).
Proof. The rst laim follows from the fat that the equality (
∑
s∈G asus)ue =
ue(
∑
s∈G asus) holds for all e ∈ ob(G). The seond laim follows from the fat
that the equality (
∑
s∈G asus)aue = aue(
∑
s∈G asus) holds for all e ∈ ob(G)
and all a ∈ Ae. 
Reall that the annihilator of an element r in a ommutative ring R is the
olletion, denoted ann(r), of elements s in R with the property that rs = 0.
Corollary 3. Suppose that A is ommutative. Then the ommutant of A in
A⋊σα G is the olletion of
∑
s∈G asus in A ⋊
σ
α G satisfying as = 0, s ∈ G,
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d(s) 6= c(s), and σs(a) − a ∈ ann(as), s ∈ G, d(s) = c(s), a ∈ Ad(s). In
partiular, A is maximal ommutative in A⋊σα G if and only if there for all
hoies of e ∈ ob(G), s ∈ Ge \ {e}, as ∈ Ae, there is a nonzero a ∈ Ae with
the property that σs(a)− a /∈ ann(as).
Proof. This follows immediately from Proposition 4. 
Corollary 4. Suppose that eah Ae, e ∈ ob(G), is an integral domain. Then
the ommutant of A in A ⋊σα G is the olletion of
∑
s∈G asus in A ⋊
σ
α G
satisfying as = 0 whenever σs is not an identity map. In partiular, A is
maximal ommutative in A⋊σαG if and only if for all nonidentity s ∈ G, the
map σs is not an identity map.
Proof. This follows immediately from Corollary 3. 
Proposition 5. If A is ommutative, G a disjoint union of abelian monoids
and α is symmetri, then the ommutant of A in A ⋊σα G is the unique
maximal ommutative subalgebra of A⋊σα G ontaining A.
Proof. We need to show that the ommutant of A in A⋊σαG is ommutative.
By the rst part of Proposition 4, we an assume that G is an abelian monoid.
If we take
∑
s∈G asus and
∑
t∈G btut in the ommutant of A in A⋊
σ
αG, then,
by the seond part of Proposition 4 and the fat that α is symmetri, we get
that ∑
s∈G
asus
∑
t∈G
btut =
∑
s,t∈G
asσs(bt)α(s, t)ust =
∑
s,t∈G
asbtα(s, t)ust =
=
∑
s,t∈G
btasα(t, s)uts =
∑
s,t∈G
btσt(as)α(t, s)ust =
∑
t∈G
btut
∑
s∈G
asus

Remark 4. Proposition 4, Corollary 3, Corollary 4 and Proposition 5 to-
gether generalize Theorem 1, Corollaries 5-10 and Proposition 4 in [21℄ from
groups to ategories.
Remark 5. Let A ⋊ G be a ategory algebra where all the rings Ae, e ∈
ob(G), oinide with a xed integral domain D. Then A ⋊ G is the usual
ategory algebra DG of G over D. By Corollary 4, the ommutant of D in
DG is DG itself. In partiular, A is maximal ommutative in DG if and
only if G is the disjoint union of |ob(G)| opies of the trivial group.
Remark 6. Let L/K be a nite separable (not neessarily normal) eld
extension. We use the same notation as in Remark 3. By Corollary 4, the
ommutant of F in F ⋊σα G is the olletion of
∑n
i=1
∑
s∈Gii
asus satisfying
as = 0 whenever σs is not an identity map. In partiular, F is maximal
ommutative in F ⋊σαG if all groups Gi,i, i = 1, . . . , n, are nontrivial; this of
ourse happens in the ase when L/K is a Galois eld extension.
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4. Commutativity and Ideals
In this setion, we investigate the onnetion between on the one hand
maximal ommutativity of the oeient ring and on the other hand non-
emptyness of intersetions of the oeient ring by nonzero twosided ideals.
For the rest of the artile, we assume that ob(G) is nite. Reall (from
Setion 1) that this is equivalent to the fat that A⋊σαG has a multipliative
identity; in that ase the multipliative identity is
∑
e∈ob(G) ue.
Theorem 2. If A ⋊σα G is a groupoid rossed produt with A ommutative
and for every s ∈ G, α(s, s−1) is not a zero divisor in Ac(s), then every
intersetion of a nonzero twosided ideal of A⋊σαG with the ommutant of A
in A⋊σα G is nonzero.
Proof. We show the ontrapositive statement. Let C denote the ommutant
of A in A ⋊σα G and suppose that I is a twosided ideal of A ⋊
σ
α G with
the property that I ∩ C = {0}. We wish to show that I = {0}. Take
x ∈ I. If x ∈ C, then by the assumption x = 0. Therefore we now assume
that x =
∑
s∈G asus ∈ I, as ∈ Ac(s), s ∈ G, and that x is hosen so that
x /∈ C with the set S := {s ∈ G | as 6= 0} of least possible ardinality N .
Seeking a ontradition, suppose that N is positive. First note that there
is e ∈ ob(G) with uex ∈ I \ C. In fat, if uex ∈ C for all e ∈ ob(G), then
x = 1x =
∑
e∈ob(G) uex ∈ C whih is a ontradition. By minimality of
N we an assume that c(s) = e, s ∈ S, for some xed e ∈ ob(G). Take
t ∈ S and onsider the element x′ := xut−1 ∈ I. Sine α(t, t
−1) is not a
zero divisor we get that x′ 6= 0. Therefore, sine I ∩ C = {0}, we get that
x′ ∈ I \ C. Take a =
∑
f∈ob(G) bfuf ∈ A. Then I ∋ x
′′ := ax′ − x′a =∑
s∈S as(bd(s)−σs(be))us. Sine the summand for s = e vanishes, we get, by
the assumption on N , that x′′ = 0. Sine a ∈ A was arbitrarily hosen, we
get that x′ ∈ C whih is a ontradition. Therefore N = 0 and hene S = ∅
whih in turn implies that x = 0. Sine x ∈ I was arbitrarily hosen, we
nally get that I = {0}. 
Corollary 5. If A⋊σαG is a groupoid rossed produt with A maximal om-
mutative and for every s ∈ G, α(s, s−1) is not a zero divisor in Ac(s), then
every intersetion of a nonzero twosided ideal of A⋊σα G with A is nonzero.
Proof. This follows immediately from Theorem 2. 
Now we examine onditions under whih the opposite statement of Corol-
lary 5 is true. To this end, we reall some notions from ategory theory that
we need in the sequel (for the details see e.g. [16℄). Let G be a ategory.
A ongruene relation R on G is a olletion of equivalene relations Ra,b
on hom(a, b), a, b ∈ ob(G), hosen so that if (s, s′) ∈ Ra,b and (t, t
′) ∈ Rb,c,
then (ts, t′s′) ∈ Ra,c for all a, b, c ∈ ob(G). Given a ongruene relation R
on G we an dene the orresponding quotient ategory G/R as the at-
egory having as objets the objets of G and as arrows the orresponding
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equivalene lasses of arrows from G. In that ase there is a orrespond-
ing funtor QR : G → G/R mapping objets with the identity funtor and
mapping arrows to their respetive equivalene lasses. We will often use
the notation [s] := QR(s), s ∈ G. Suppose that H is another ategory and
that F : G → H is a funtor. The kernel of F , denoted ker(F ), is the
ongruene relation on G dened by letting (s, t) ∈ ker(F )a,b, a, b ∈ ob(G),
whenever s, t ∈ hom(a, b) and F (s) = F (t). In that ase there is a unique
funtor PF : G/ker(F ) → H with the property that PFQker(F ) = F . Fur-
thermore, if there is a ongruene relation R on G ontained in ker(F ),
then there is a unique funtor N : G/R → G/ker(F ) with the property
that NQR = Qker(F ). In that ase there is therefore always a fatorization
F = PFNQR; we will refer to this fatorization as the anonial one.
Proposition 6. Let {A,G, σ, α} and {A,H, τ, β} be rossed systems with
ob(G) = ob(H). Suppose that there is a funtor F : G → H satisfying the
following three riteria: (i) F is the identity map on objets; (ii) τF (s) = σs,
s ∈ G; (iii) β(F (s), F (t)) = α(s, t), (s, t) ∈ G(2). Then there is a unique
A-algebra homomorphism A ⋊σα G → A ⋊
τ
β H, also denoted F , satisfying
F (us) = uF (s), s ∈ G.
Proof. Take x :=
∑
s∈G asus in A ⋊
σ
α G where as ∈ Ac(s), s ∈ G. By A-
linearity we get that F (x) =
∑
s∈G asF (us) =
∑
s∈G asuF (s). Therefore
F is unique. It is lear that F is additive. By (i), F respets the multi-
pliative identities. Now we show that F is multipliative. Take another
y :=
∑
s∈G bsus in A ⋊
σ
α G where bs ∈ Ac(s), s ∈ G. Then, by (ii) and (iii),
we get that
F (xy) = F

 ∑
(s,t)∈G(2)
asσs(bt)α(s, t)ust

 = ∑
(s,t)∈G(2)
asσs(bt)α(s, t)uF (st) =
=
∑
(s,t)∈G(2)
asτF (s)(bt)β(F (s), F (t))uF (s)F (t) = F (x)F (y)

Remark 7. Suppose that {A,G, σ, α} is a rossed system. By abuse of
notation, we let A denote the ategory with the rings Ae, e ∈ ob(G), as
objets and ring homomorphisms Ae → Af , e, f ∈ ob(G), as morphisms.
Dene a map σ : G→ A on objets by σ(e) = Ae, e ∈ ob(G), and on arrows
by σ(s) = σs, s ∈ G. By equation (4) it is lear that σ is a funtor if the
following two onditions are satised: (i) for all (s, t) ∈ G(2), α(s, t) belongs
to the enter of Ac(s); (ii) for all (s, t) ∈ G
(2)
, α(s, t) is not a zero divisor in
Ac(s).
Proposition 7. Let A ⋊σα G be a ategory rossed produt with σ : G → A
a funtor. Suppose that R is a ongruene relation on G with the property
that the assoiated quadruple {A,G/R, σ([·]), α([·], [·])} is a rossed system.
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If I is the twosided ideal in A ⋊σα G generated by an element
∑
s∈G asus,
as ∈ Ac(s), s ∈ G, satisfying as = 0 if s does not belong to any of the lasses
[e], e ∈ ob(G), and
∑
s∈[e] as = 0, e ∈ ob(G), then A ∩ I = {0}.
Proof. By Proposition 6, the funtor QR indues an A-algebra homomor-
phism QR : A ⋊
σ
α G → A ⋊
σ([·])
α([·],[·]) G/R. By denition of the as, s ∈ G, we
get that
QR
(∑
s∈G
asus
)
= QR

 ∑
e∈ob(G)
∑
s∈[e]
asus

 =
=
∑
e∈ob(G)
∑
s∈[e]
asu[s] =
∑
e∈ob(G)

∑
s∈[e]
as

u[e] = 0
This implies that QR(I) = {0}. Sine QR|A = idA, we therefore get that
I ∩A = (QR|A)(A ∩ I) ⊆ QR(I) = {0}. 
Let G be a groupoid and suppose that we for eah e ∈ ob(G) are given a
subgroup Ne of Ge. We say that N = ∪e∈ob(G)Ne is a normal subgroupoid
of G if sNd(s) = Nc(s)s for all s ∈ G. The normal subgroupoid N indues a
ongruene relation ∼ on G dened by letting s ∼ t, s, t ∈ G, if there is n in
Nd(t) with s = nt. The orresponding quotient ategory is a groupoid whih
is denoted G/N . For more details, see e.g. [5℄; note that our denition of
normal subgroupoids is more restritive than the one used in [5℄.
Proposition 8. Let A ⋊σα G be a groupoid rossed produt suh that for
eah (s, t) ∈ G(2), α(s, t) ∈ Z(Ac(s)) and α(s, t) is not a zero divisor in
Ac(s). Suppose that N is a normal subgroupoid of G with the property that
σn = idAc(n) , n ∈ N , and α(s, t) = 1Ac(s) if s ∈ N or t ∈ N . If I is the
twosided ideal in A ⋊σα G generated by an element
∑
s∈G asus, as ∈ Ac(s),
s ∈ G, satisfying as = 0 if s does not belong to any of the sets Ne, e ∈ ob(G),
and
∑
s∈Ne
as = 0, e ∈ ob(G), then A ∩ I = {0}.
Proof. By Remark 7, σ is a funtor G → A and ∼ ⊆ ker(σ). Therefore,
by the disussion preeding Proposition 6, there is a well dened funtor
σ[·] : G/N → A. Now we show that the indued map α([·], [·]) is well
dened. By equation (3) with s = n ∈ Nc(t) we get that α(n, t)α(nt, r) =
σn(α(t, r))α(n, tr). By the assumptions on α and σ we get that α(nt, r) =
α(t, r). Analogously, by equation (3) with t = n ∈ Nd(r), we get that
α(s, t) = α(s, tn). Therefore, α([·], [·]) is well dened. The rest of the laim
now follows immediately from Proposition 7. 
Proposition 9. Let A ⋊σ G be a skew ategory algebra. Suppose that R
is a ongruene relation on G ontained in ker(σ). If I is the twosided
ideal in A ⋊σ G generated by an element
∑
s∈G asus, as ∈ Ac(s), s ∈ G,
satisfying as = 0 if s does not belong to any of the lasses [e], e ∈ ob(G), and∑
s∈[e] as = 0, e ∈ ob(G), then A ∩ I = {0}.
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Proof. By Remark 7 and the disussion preeding Proposition 6, there is a
well dened funtor σ[·] : G/R → A. The laim now follows immediately
from Proposition 7. 
Proposition 10. Let A⋊σG be a skew groupoid ring with all Ae, e ∈ ob(G),
equal integral domains and eah Ge, e ∈ ob(G), an abelian group. If every
intersetion of a nonzero twosided ideal of A⋊σ G and A is nonzero, then A
is maximal ommutative in A⋊σ G.
Proof. We show the ontrapositive statement. Suppose that A is not max-
imal ommutative in A ⋊σ G. By the seond part of Corollary 4, there
is e ∈ ob(G) and a nonidentity s ∈ Ge suh that σs = idAe . Let Ne
denote the yli subgroup of Ge generated by s. Note that sine Ge is
abelian, Ne is a normal subgroup of Ge. For eah f ∈ ob(G), dene a sub-
group Nf of Gf in the following way. If Ge,f 6= ∅, then let Nf = sNes
−1
,
where s is a morphism in Ge,f . If, on the other hand, Ge,f = ∅, then
let Nf = {f}. Note that if s1, s2 ∈ Ge,f , then s
−1
2 s1 ∈ Ge and hene
s1Nes
−1
1 = s2s
−1
2 s1Ne(s
−1
2 s1)
−1s−12 = s2Nes
−1
2 . Therefore, Nf is well de-
ned. Now put N = ∪f∈ob(G)Nf . It is lear that N is a normal subgroupoid
of G and that σn = idAe , n ∈ N . Let I be the nonzero twosided ideal of
A⋊σ G generated by ue− us. By Proposition 8 (or Proposition 9) it follows
that A ∩ I = {0}. 
Remark 8. Proposition 2, Corollary 5 and Propositions 7-10 together gen-
eralize Theorem 2, Corollary 11, Theorem 3, Corollaries 12-15 and Theorem
4 in [21℄ from groups to ategories.
By ombining Theorem 2 and Proposition 10, we get the follwing result.
Corollary 6. If A ⋊σ G is a skew groupoid ring with all Ae, e ∈ ob(G),
equal integral domains and eah Ge, e ∈ ob(G), an abelian group, then A is
maximal ommutative in A⋊σG if and only if every intersetion of a nonzero
twosided ideal of A⋊σ G and A is nonzero.
Aknowledgements: The rst author was partially supported by The
Swedish Researh Counil, The Crafoord Foundation, The Royal Physio-
graphi Soiety in Lund, The Swedish Royal Aademy of Sienes, The
Swedish Foundation of International Cooperation in Researh and Higher
Eduation (STINT) and "LieGrits", a Marie Curie Researh Training Net-
work funded by the European Community as projet MRTN-CT 2003-505078.
Referenes
[1℄ S. Caenepeel, F. Van Oystaeyen, Brauer groups and the ohomology of graded rings.
Monographs and Textbooks in Pure and Applied Mathematis, 121. Marel Dekker,
In., New York (1988).
[2℄ M. Cohen, S. Montgomery, Group-Graded Rings, Smash Produts and Group A-
tions, Trans. Amer. Math. So. 282, no. 1, 237258 (1984).
[3℄ J. W. Fisher, S. Montgomery, Semiprime Skew Group Rings, J. Algebra 52, no. 1,
241247 (1978).
12 JOHAN ÖINERT AND PATRIK LUNDSTRÖM
[4℄ E. Formanek, A. I. Lihtman, Ideals in Group Rings of Free Produts, Israel J. Math.
31, no. 1, 101104 (1978).
[5℄ P. J. Higgins, Notes on Categories and Groupoids, Van Nostrand (1971).
[6℄ R. S. Irving, Prime ideals of Ore extensions over ommutative rings, J. Algebra 56,
no. 2, 315342 (1979).
[7℄ R. S. Irving, Prime ideals of Ore extensions over ommutative rings II., J. Algebra
58, no. 2, 399423 (1979).
[8℄ G. Karpilovsky, The Algebrai Struture of Crossed Produts, x+348 pp. North-
Holland Mathematis Studies, 142. Notas de Matemátia, 118. North-Holland, Ams-
terdam (1987).
[9℄ S. Launois, S., T. H. Lenagan, L. Rigal, Quantum unique fatorisation domains, J.
London Math. So. (2) 74, no. 2, 321340 (2006).
[10℄ M. Lorenz, D. S. Passman, Centers and Prime Ideals in Group Algebras of Polyyli-
by-Finite Groups, J. Algebra 57, no. 2, 355386 (1979).
[11℄ M. Lorenz, D. S. Passman, Prime Ideals in Crossed Produts of Finite Groups, Israel
J. Math. 33, no. 2, 89132 (1979).
[12℄ M. Lorenz, D. S. Passman, Addendum - Prime Ideals in Crossed Produts of Finite
Groups, Israel J. Math. 35, no. 4, 311322 (1980).
[13℄ P. Lundström, Crossed Produt Algebras Dened by Separable Extensions, J. Algebra
283 (2005), 723737.
[14℄ P. Lundström, Separable Groupoid Rings, Comm. Algebra 34 (2006), 30293041.
[15℄ P. Lundström, Strongly groupoid graded rings and ohomology, Colloq. Math. 106
(2006), 113.
[16℄ S. Ma Lane. Categories for the Working Mathematiian. Graduate Texts in Mathe-
matis, 5. Springer-Verlag, New York (1998).
[17℄ C. Nastasesu and F. Van Oystaeyen, Graded Ring Theory, North-Holland Publishing
Co., Amsterdam-New York (1982).
[18℄ E. Nauwelaerts, F. Van Oystaeyen, Introduing Crystalline Graded Algebras, Algebr.
Represent. Theory 11, no. 2, 133148 (2008).
[19℄ T. Neijens, F. Van Oystaeyen, W. W. Yu, Centers of Certain Crystalline Graded
Rings. Preprint in preparation (2007).
[20℄ S. Montgomery, D. S. Passman, Crossed Produts over Prime Rings, Israel J. Math.
31, no. 3-4, 224256 (1978).
[21℄ J. Öinert, S. D. Silvestrov, Commutativity and Ideals in Algebrai Crossed Produts,
J. Gen. Lie T. Appl. 2, no. 4, 287302 (2008).
[22℄ J. Öinert, S. D. Silvestrov, On a Correspondene Between Ideals and Commutativity
in Algebrai Crossed Produts, J. Gen. Lie T. Appl. 2, no. 3, 216220 (2008).
[23℄ J. Öinert, S. D. Silvestrov, Crossed Produt-Like and Pre-Crystalline Graded Rings,
16 pp. in Generalized Lie Theory in Mathematis, Physis and Beyond. Conferene
proeedings of Algebra, Geometry and Mathematial Physis, Balti-Nordi Work
shop (Lund, Otober 12-14 2006). Springer (2008).
[24℄ J. Öinert, S. Silvestrov, Commutativity and Ideals in Pre-Crystalline Graded Rings,
Preprints in Mathematial Sienes 2008:17, LUTFMA-5101-2008, ISSN 1403-9338
[25℄ J. Öinert, S. Silvestrov, T. Theohari-Apostolidi and H. Vavatsoulas, Commutativity
and Ideals in Strongly Graded Rings, Preprints in Mathematial Sienes 2008:13,
LUTFMA-5100-2008, ISSN 1403-9338
[26℄ D. S. Passman, The Algebrai Struture of Group Rings, xiv+720 pp. Pure and
Applied Mathematis. Wiley-Intersiene (John Wiley & Sons), New York-London-
Sydney (1977).
[27℄ L. Rowen, Some Results on the Center of a ring with Polynomial Identity, Bull. Amer.
Math. So. 79 (1973), 219223.
[28℄ C. Svensson, S. Silvestrov, M. de Jeu, Dynamial Systems and Commutants in
Crossed Produts, Internat. J. Math. 18, no. 4, 455471 (2007).
COMMUTATIVITY AND IDEALS IN CATEGORY CROSSED PRODUCTS 13
[29℄ C. Svensson, S. Silvestrov, M. de Jeu, Connetions between dynamial systems and
rossed produts of Banah algebras by Z, to appear in the proeedings of Operator
Theory, Analysis and Mathematial Physis, OTAMP-2006, Lund, Sweden, June 15-
22, 2006. (Preprints in Mathematial Sienes 2007:5, LUTFMA-5081-2007; Leiden
Mathematial Institute report 2007-02; arXiv:math/0702118).
[30℄ C. Svensson, S. Silvestrov, M. de Jeu, Dynamial systems assoviated with rossed
produts, to appear in the proeedings of Operator Methods in Fratal Analysis,
Wavelets and Dynamial Systems, BIRS, Ban, Canada, Deember 2 - Deember
7, 2006. (Preprints in Mathematial Sienes 2007:22, LUTFMA-5088-2007; Leiden
Mathematial Institute report 2007-30; arXiv:0707.1818).
Johan Öinert, Centre for Mathematial Sienes, Lund University, P.O.
Box 118, SE-22100 Lund, Sweden
E-mail address: Johan.Oinertmath.lth.se
Patrik Lundström, University West, Department of Engineering Siene,
SE-46186 Trollhättan, Sweden
E-mail address: Patrik.Lundstromhv.se
